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Fourier Series

We have seen earlier that many functions can be expressed in the form
of infinite series. Problems involving various forms of oscillations are
common in fields of modern technology and Fourier series, with which
we shall now be concerned, enable us to represent a periodic function
as an infinite trigonometrical series in sine and cosine terms. One
important advantage of a Fourier series is that it can represent a
function containing discontinuities, whereas Maclaurin’s and Taylor’s
series require the function to be continuous throughout.

Periodic functions

A function f(x) is said to be periodic if its function values repeat at
regular intervals of the independent variable. The regular interval
between repetitions is the period of the oscillations.
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Graphs of y= Asin nx

(a) y=sinx
The obvious example of a periodic function is y = sinx, which goes
through its complete range of values while x increases from 0° to
360°. The period is therefore 360° or 2r radians and the amplitude,
the maximum displacement from the position of rest, is 1.
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(b) y =5sin2x
The amplitude is 5. y
The period is 180° and -] — —— P
there are thus 2 complete  f(x) 1’, \ /
L

cycles in 360°. 0 ‘ - “ o =
|> =
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(c) y =Asinnx
Thinking along the same lines, the function y = Asinnx has
amphitude ..coiovieans s peod. .o coniuing ;
and will have ............ complete cycles in 360°.

amplitude = A; period = 3?10 = % ; n cycles in 360°

Graphs of y = A cos nx have the same characteristics.

By way of revising earlier work, then, complete the following short
exercise.

Exercise
In each of the following, state (a) the amplitude and (b) the period.

1 y=3sinSx 5 y=>5cos4x

2 y=2cos3x 6 y=2sinx

3 y=sln2‘z- 7 y=23cos6x

4 y=4sin2x 8 y=63in?;3—x
Harmonics

A function f(x) is sometimes expressed as a series of a number of
different sine components. The component with the largest period is
the first harmonic, or fundamental of f(x).

y =A;sinx is the first harmonic or fundamental

y =Azsin2x  is the second harmonic

y = A3 sin 3x is the third harmonic, etc.

and in general
y=Apsinnxisthe............ harmonic, with
amplitude ............ and period ............

nth harmonic; amplitude A,; period = %
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Non-sinusoidal periodic functions

Although we introduced the concept of a periodic function via a sine
curve, a function can be periodic without being obviously sinusoidal
in appearance.

Example
In the following cases, the x-axis carries a scale of f in milliseconds.
@ vy
4
f
i X period = 8 ms
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Orthogonal functions

If two different functions f(x) and g(x) are defined on the interval
a<x<band

b
[ Feoseax=o

a

then we say that the two functions are orthogonal to each other on
the interval a < x < b. In the previous frames we have seen that the
trigonometric functions sinnx and cosnx where n=0, 1, 2,... form
an infinite collection of periodic functions that are mutually
orthogonal on the interval —7 < x <=, indeed on any interval of
width 2. That is

rcosmxcosnxdx=0 form#n
rsinmxsinan=O form#n

and

x
J cosmxsinnxdx =0
-~%

Fourier series and Fourier Coefficient

Let f(x) be defined in the interval (-L,L) and outside of this interval by
f(x+2L) =f(x)..i.e., .f(x) is 2L-periodic. It is through this avenue that a new
function on an infinite set of real numbers is created from the image on(-L,L).
The Fourier series or Fourier expansion corresponding to f(x) is given by

dg = NITX . NTX
- E (u,,. coSs —+ b, sin 7 )
=1 -

=3 L

where the Fourier coefficients a,, a, and b, are

1 rl
ag = Z _Lf(-\') dx
— @ N, X i
SRZ) TS Fonn=123.
oL .
by = 7‘: -l‘_['(.\‘)sin "JI; dx
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Example: Determine the Fourier coefficient ao,

Integrate both sides of the Fourier series (1), i.e.,

L ) L ag [, 00
Jﬂl‘j(.\') dx = J-L? dx + J . "Z:[a,, CcOS — + b, sin —] dx

L L o L 2 1E
Now B g~ agL, | sin T dx = 0. cos 2 gy = 0, therefore, ay = —| f(x)dx
L2 + L - L L

~

Example

If the series 4 + Z(a,, il

n=1

forn=1,2.3:-

L + by sm 3 ) converges uniformly to f(x) in (—L, L), show that

Lt mmx ao
ZJ:,_f('\)med\‘ (¢) A__?,

L )
(a) a, = %J f(x)cos % dx, (b) b, =
=L

(¢) Multiplying
. nnax
j(\)—A+E(a,,cos - 4 b, sin L)

by cos m% and integrating from —L to L, using Problem 13.3, we have

L . L .
J f(x)cos SRS J oS = gy
=5 L —L L
> - max nmax £ mnx nmx
+ ;{a,, J_Lcos 2 cos — dx+ b, J cos 13 sin —L—dx]

=a.L ifm#0

L
Thus Ay =-2-J f(x)c os (I\ tm=1.23,.:.
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Example: let us consider the function
—1 —a<z<0
fz) = { 1 0<z<mw

Solution:

= —x|2; +x|§ =0

T

™ ()
Gy = $ / [ () cos(na)dax = L / — cos(na)da + & / cos(na)da
Y ;o SR ™

| L )19 L e e
- <[ = sin(nx)]| . + [” mn(n.:)h,)

= .nin'( —[QII'I(()) — sin(—r[)] —+ [Sil'l(T[) = Sln(())] )

=10

b, = — / f(z)sin(nz)dr = — / sin(na)dax+— / sin(nax)dx
T J—= mJ_= T Jo
1 1 f 10 . 1 ’ RY L
= ([” cos(nx)|_, + [— = cos(na )]U)

1 : ;
= — (:rns(()) - cos(—nm)| + [('()S(U) cos(nm)|)

nmw
2 2

= —(1 — cos(nw)) = —(1 — (—=1)").
nw nw
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il B
N
1

bis

2 ]
3 4
3

] 8]
= 4
S

Thus the Fourier series of fis given as

= 2
wZ— (1—(—1)")sin(nx).
— nr

Example: Let us consider the function £defined as follows

[, 2<z<0
f(z) = D—z 0<LxE <2

By usxing the formula of ag, a,, aned b, we find Lhat

1 2
agn = (2 a)da,
1 Jo

1 A kwa ;
ap = 5 ‘/(; (2 r) cos 5 Az, o w120 e

ancdl

2 e
by, = ;I; / (2 — @) sin A;'l dv, k=1, 2,
2 Jo

Evaluating these integrals gives

ao = 57 e = %5[1 — (— l)"'] and b = %
where use has been made of the fact that cos(hkm) = (—1)% and
sin( k) 0. Thus the Fourier series boecomes

+

+ —SsIn

2 i [1—(-1)¥ o krx 1 | knz
: e k 2

fo) =7
k=1
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Dirichlet Conditions

Suppose that

(1) f(x) is defined except possibly at a finite number of points in (—L, L)
(2) f(x)is periodic outside (—L, L) with period 2L

(3) f(x) and /'(x) are piecewise continuous in (—L, L).

Then the senes (/) with Fourier coeflicients converges to

(@) f(x)if xis a point of continuity

(h feetth :.j("’ =N) if x is a point of discontinuity

Example:

If the following functions are defined over the interval —7 < x < wand
f(x + 27) = f(x), state whether or not each function can be repre-
sented by a Fourier series.

1 f(x)=x 4 ()=
2 f(x)=4x-5 5 f(x)=tanx
3 f(x):% 6 f(x)=y wherex?+y*>=9
Solution:
1 Yes 4 Yes
2 Yes 5 No: infinite discontinuity
3 No: infinite discontinuity at x = /2
atx=0 6 No: two valued
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Even and Odd Functions ""Half-Range Expansions™

A half range Fourier sine or cosine series is a series in which only sine terms
or only cosine terms are present, respectively. When a half range series
corresponding to a given function is desired, the function is generally defined
in the interval (0,L) which is half of the interval(-L,L) thus accounting for the
name half range] and then the function is specified as odd or even, so that it
is clearly defined in the other half of the interval, namely,(-L,0). In such case,
we have

L
: o o MK : : \ ,
=0 a,=0, b= l f(x)sin & dx for half range sine series

i nax - . , .
f(x) cos — dx  for half range cosine series

b,=0, a,=

~ 2 t~| =

= [

Fourier Sine series:

An odd function is a function with the property.f (— X) =— f(x).
For example :

1. f(x) =2 letx = -1, then (-1)* =-(1)°

2. T (x) = sin (x). let x = - ©/2, then sin(-n/2).= - sin (7/2).

Note
1. The integral of anodd function over a symmetric interval is zero.
2. Since a, = 0, all.the cosine functions will not appear in the Fourier series of

an odd function. The Fourier series of an odd function is an infinite series of
Odd functions

Let us calculate the Fourier coefficients of an odd function:
ap=an =0

but bn =0

2(% . . max . g : :
b, == f(x)sin 3 dx  for half range sine series
( -

g

- NTX
f(x) = Z bn sin—— dx
n=1
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Fourier Cosine Series:

An even function is a function with the property F(—x) = f(x). The sine
coefficients of a Fourier series will be zero for an even function,

f(x) = X, let x= -1, then (-1)2 = (1)2
f(x) = cos (x), let x = -r, then cos (-n) = cos ().
The Fourier series of an even function is an infinite series of even functions
(cosines):
Let us calculate the Fourier coefficients of an odd function:

bn =0
But
ao=an=0
2 l
ag = — J f(x)dx
L 0
2. nix .
a, I—[ f(x) cos . % dx for half range cosine series

nmnx

f()—a°+§: d
X —2 1anCOS L X
n=

Example: Let us consider the function 7(x) = 1 on [0, =]. The Fourier cosine
series has coefficients

2 "N
ag = — ldax = 2
T Jo

ﬂ'
/ cos(nx)dxr =0

L JO

~

Ay =

] | N

-

Then f(z) ~ 2 +> > ; Gncos(nz) = 1.
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Example: Classify each of the following functions according as they are
even, odd, or neither even nor odd.

: 2 O<x<3 _
(a) f(x)= { Period =6

-2 —-3<x<0

Sol: From fig.1 below it is seen that f(-x)= -f(x), so that the
function is odd.

Fig(1)
: Cos¥x V=x=<x ,
() f(x)= Period = 2x
: 0 T~ X2

Sol: From fig.2 below it is seen that is neither even nor odd.

f(x)

Fig(2)

Example: Expand f(x)=x, 0<x<2 ,inahalfrange
a) Sine series, (b) cosine series.

(a) Extend the definition of the given function to that of the odd function of
period 4 shown in Fig. 3, below. This is sometimes called the odd extension of

e Then 2L =4,L =2
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Complex Fourier series

The complex exponential of Fourier series is obtained by substitution the exponential
equivalent of the Cosine and Sine into the original form of Series

-

F(X) = 50 —+ Z:l:(u.,. coOSs ”7-‘( —+ b, sin "7-\7)

el! e . e
0§ =——— andsinf=————
2 )i

cosf +jsind = e”and cosf —jsing = e

i=-i :i*=-1

2O inmt —inmt inmt —inmt
_ Qo e L +e L e L —e L
fa)=3+ E (an‘T‘”’nT
n=1

If we define
I _ An—iby, | _ On+iby
G52 g = 16 ==,

The last series can be written

inmx

flx) =22, Chet

Co =22 =5 [ f(x)dx

—inmx

Comgp [ f €

inmx

Cn=g f@)er

Example: Find the complex form of Fourier series whose definition in one
period

fl=e*t -1<t<1
Sol:

2L=2 »L=1

Lecl: Fourier Series Associated Prof Dr. Haider.J.Aljanaby
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—inmx

o=y [ FO0 7

1 e—(1+inrt )t
~ 2 (— (1+in7r))
eleinn _e—l_e—inn
—2(1+inm)
e™ =cosm+isinm=-1
einn:(_l)n

_ (=1)"Sinh1 % 1—inm

n (1+inm) 1—inm

1 — inm (—1)"Sinh1

C
" (1 + n?m?)

The expansion of f(t) form can be written as:

1—inm (—=1)"Sinh1 et

f(O) = En=—w

(1+n2n2)

The expansion can be converted into real trigonometric form

C. = an—ibn . C _ an+ibn
n 2 ) -n 2
a, =C, +C_,
b, =i(C, —C_y)
_ (~D"2Sinh1
n T (14n2w2)
b = i [1—inn (=1)"*Sinh1 _ 1+inm (=1)"Sinh1] _ 2nm (=1)"Sinhl
B (1+n2m2) (1+n2m2) -

Co = “2—0; ay = 2Cy = Sinhl
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cosmt  cos2mt )

—_ + 000
1+m2 1+ 4nr?
sinmtt 2 sin 27It>

1+ 72 1+ 4n?

£(6) = Sink1— 2Sinh1 (

— 2rnSinhl (

H.W.

Q1) Find the complex form of Fourier series of the following functions:
1. f(t)= et -1<t<1

1 0<t<1
2. f(v)= 0 1<t<?2

Applications of Fourier Series in Circuit Analysis
Effective Values and Power

The effective or rms value of the function

f(0) =L1ay + a; coswt + a> cos 2wt + -« - + by sinwt + b5 sin 2wt + - -

Frms = ,Ir.-"flgﬂ.:]]:--lgﬂf--lgﬂg ----- ';bf-—l:hﬁ $=
In general, we may write

v=Vy+ Z V,sin (nwt + ¢,,) and i=1)+ Z I, sin (nwt + ¥,,)

With corresponding effective values of

Vrms::\ng“"% ’F+3LL’§+ and Ium:\xlr[%'f'%‘r%'{'%}g“f'

Lecl: Fourier Series Associated Prof Dr. Haider.J.Aljanaby
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The average power P follows from integration of the instantaneous power, which is
given by the product of v and i:

p=uvi= [ o + Z V, sin (nwt + Ei)“Jj| |if[]. + Z I, sin (newt + l,!;,,]j|

Since v and i both have period T. The average may therefore be calculated over
one period of the voltage wave:

] /&
P = ? [ I:l.f’() -+ Z I"” sin (II(U[ + ¢,,)] [I[) + Z In sin (”(l)[ + 1/}'")] dt

0

Then the average power is
P= V[}I[} —f—jl V[Jrl COS 91 +%ijj CDSQE -+ % V_:;f_:; COSs 9_:; + --

Where “» — <. — . js the angle on the equivalent impedance of the network at
the angular frequency n!

PZ%I”III

L]

08 9[ = L,,Eﬂ'.nreﬂ'i:(}ﬂg
P=Vyly=VI
P=Py+ P + Pyt

Example: A series RL circuit in which R =5 Q and L = 20 mH has an applied
voltage asiin Fig.1:

v =100 4 50sin wt + 25sin 3w’ (V), with @ = 500 rad/s.
Find the current and the average power. Compute the equivalent impedance
of the circuit at each frequency found in the voltage function. Then obtain the

respective currents.
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—

i

50

1O

20 mH

Fig.1
Atw=0,7Zy=R=5Q and
__10_,
Iy= R=5 =20A

At @ =500 rad/s, Z, = 5+ j(500)(20 x 107%) =5 +10 = 11.15/63.4°  and

Vi 50
i = ‘Z-—“l‘“sin(wt —0) = Wsin(wr — 63.4°) = 4.48sin(wt — 63.4°) (A)

At 3w = 1500 rad/s, Z; = 5+ 30 = 30.4/80.54° © and

W one 25
iy = ‘Z— sin (3ot — 03) = 3 sin (3ot — 80.54°) = 0.823sin (3or —80.54°)  (A)

The sum of the harmonic currents is the required total response; it is a Fourier series of the type (8).
i =204 4.48sin(wt — 63.47) 4+ 0.823 sin 3wt — 80.54) (A)

This current has the effective value

which results in a power in the 3-Q resistor of
P=I-R=(41065=203W

As a check, we compute the total average power by calculating first the power contributed by each harmonic
and then adding the results.

Ato=0: Py =Vl = 100220) = 2000 W

At =300 rads: P= '- Vi, cost) = '-l 50)(448)cos634" =301 W
At Jo= 1500 rads: P5=1V3kc0s: =1{25)0.823)cos 80.54° = 169 W
Then, P=2000+30.1+1.69=202W

Lecl: Fourier Series Associated Prof Dr. Haider.J.Aljanaby
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Another Method
The Fourier series expression for the voltage across the resistor is

vr = Ri = 100 4+ 22.4sin(wf — 63.4°) 4+ 4.11 sin (3wt — 80.54°) (V)

and Viar =/ 1002 +%<22.4)3 + %(4.11)3 =4/10259 = 101.3V

Then the power delivered by the source is P = Vi /R = (10259)/5 = 2052 W.

Example: Find the average power supplied to a network if the applied voltage
and resulting current are

v =750+ 50sin5 x 10° 1+ 30sin 10*7 + 20sin2 x 10*7 (V)
i=11.2sin(5 x 10°t + 63.4°) + 10.6sin (10%2 + 45°) + 8.97 sin (2 x 10*7 + 26.6°) (A)

Sol:
The total average power is the sum of the harmonic powers:

P = (50)(0) +1(50)(11.2) cos 63.4° + £(30)(10.6) cos 45° + £(20)(8.97) cos 26.6° = 317.7 W

Example: Find the trigopnemetric Fourier series for the half-wave-rectified sine
wave shown in Fig. 2 and sketch the line spectrum

el

0o - 20 3r

Fig.2
Sol:

The wave shows no symmetry, and we therefore expect the series to contain both sine
and cosine terms. Since the average value is not obtainable by inspection, we evaluate
o for use in the term ap=2.

Lecl: Fourier Series Associated Prof Dr. Haider.J.Aljanaby
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L4 2

| . }
ag=—| Vsinotd(e) =— [-coswr]] = —
ol g b4
Next we determine a,;

a, = —J V sin wi cos mot d(an)

—n SInN cof SIN Mt — COS Meof COsax]™ I
= — - — — (cosmr 4+ 1)
b1 4 -~ 4 1 o Al =n)

With n even, @, = 2V /x(l —n°), and with n odd, a, =0. However, this expression is indeterminate for
n =1, and therefore we must integrate separately for a,.

N 2 I
dy =~ V sin wt cosat diwt) = — | Lsin 2ot d{est) = 0
0 7)

T T Jo
Now we evaluate b,

- 8 1 3 V
b, = V sin e sin nat diex) = —
0 g

-1 4 1

1SN @i COS twt — Sin et coswt]” o
n '

Here again the expression is indeterminate for n = 1, and b, is evaluated separately.

i - I Vot sin2wt]” V
b, =—-[ V sin~ wt d(wt) = — o B ) [P
T Jo |2 4 0 2

Then the required Fourier series is

V T 2 2 2
J(@) :;(1 +Esinw1— 3 cos 2wt — T cos 4wt =25 cos 6wt — )

The spectrum,Fig. 3, shows the strong fundamental term in the series
and the rapidly decreasing amplitudes of the higher harmonics.

Ca

Vi

=
-
g -
=
~J

Fig.3
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Sheet No 1

L kx L kmx
Prove [ sin — dx = l cos dx =10 =123
-1 -1

2. (a) Find the Fourier coefficients corresponding to the function

“S<x<0 _
fx) = {2 0 : 2 Period = 10

o

(b) Write the corresponding Fourier series.
(c) How should f(x) be defined at x = -5; x = 0; and x=5 in order that the Fourier
series will Converge to f(x) for -5 <x<5?

= —_ - o

Fig. 136

(@) Period =2L =10 and L=35. Choose the intervalc toc+ 2L as —5to §, so thatc=—-5.

nx

I ES nax 1 n
iy :ZJT f(A\)CDS Td.\zzj—s.f(.\)COST(i\

| nREx S nax 3 nrx
== ' 0 e i B VR s —— dx
3 { -s( ) cos 3 dx + L(3)cos 3 d\l L cos 5 dx

5
_i(is;nﬂ)
AV 5

0 as
Ifn:().a,.:q,:%rcos—:‘ d\':%r dx =3.
5 o

5
=0 ifn#0
0

| A . nREX 103 . nmx
7 Zf f(x)sin = dx :;l_sf(.\)sm = dx

= . 5 .
= % “:(0) sin ﬂ;‘— dx + J:(S)sin 252 d_\-l = %L sin ﬂs'l dx

3 5 nex\¥ 301 —cosnm)
== ——C08 ——— L ——
5\ nx o nx
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(b) The corresponding Fourier senes is

o - o0 A

a ( nmx . nrx 3 31 —cosnr) . nwx

e a, COS_+h sm—):—-«}- -_—SIn

5+ D (@mcos —+businT—) =35+ 3 —— 5

mel nal
3 6 wx | . 3ax ) 1 . Smx N
== —isin —+—S51n —— — s —

3ty 5 ©3 R 5

(¢) Since f(x) satisfies the Dirichlet conditions, we can say that the series converges to f(x) at all
fx+0)+/(x—0)

continuity and to - =~ at points of discontinuity. Atx = —5, 0, and 5, which
of discontinuity, the series converges to (3 +0)/2 = 3/2 as seen from the graph. If we redefi
follows,

3/2 x=—5

0 —S<x=<0

f(x)=143/2 x=0 Period = 10
3 D=x=<35
3/2 x=35

h

then the series will converge to f(x) for —5 = x

1A

Expand f(x) = x.0 < x < 27 in a Fourier series if (a) the period is 2, (b) the period is not

specified.

(a) The graph of f(x) with period 27 is shown.in Fig. 2

Fixy

s v ra &

& s £ ry //
# ~ & #
# - // 4wt ~ ,/
-~ -~ -
P - - J{_ - - e
= = = 1 i a b2

Fig. 2

Period =2L = 2r and L =x. Choosing ¢ = 0, we have

| ] s nrx | I
a,=— f(x)cos —dx=—| x“cosnxdx
c L T Jo

. A : X . o X 2
:_l(.\.z)(smn.\) —('lt)(ﬂ) + 3(&)}' _—_i’_ n#0
b n " n -

o o

&’
Ifn:O.a(.:—l X dx=—
T Jo 3

| =
b, f F(x)s m — i\ _—[ x? sinnxdx
T Jo

(.OS nx sinnx cosnx
i >—m-»(— )l
n- n

x
i 4
2 —cosnx — _:S'n nx

n=1

= _4x

0 n

Then f(x) = X =

This is valid for 0 < x < 27. At x =0 and x = 2x the series converges to 2.

(h) If the period is not specified, the Fourier series cannot be determined uniquely in general.
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Expand f(x) = sinx,0 <x < 7, in a Fourier cosine series.

Ans:

COs XY

(1 + cos nm)

1

T
=

o
& ! \l
o~ ol
L)
3 T O ) V
e . = o < °©
- @ o v "
i s |
™ 3
|
S & S | N
4 !
= 3
() & W
n ) Lo &
— :_ d
()
= .
S
o
LL
()
c
e
o
c ~
= :
h p— \+
Q . w L, p—
e + £n :
g -l .U |
o e T -
= E “l ="
+ Z [ o
—_— \\.,”\\ t =
o E % Al
w= e Ty e | 85 al3
() - o _
2 < . M u <| |
— g - |k A 8
) Nl I 7
L Ttk Ko —
To)

_._.\
k=
) 0
o =
- = v
(™
| \
| &
\
E
{ &1
|
o~
+
= =
w| e
5" —_
+ :
= +
e
Tl K
& |en R=l [
o =
# (v
+ or
nrx_ [as] +
w| . -
ml =+ v
| ]
o 2__#.. o
c +
< g » Hlem
.5 el
7 n =
= | <t w7
+ —
—|& w |k
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6. Find the trigonometric Fourier series for the square wave shown in Fig. below and

0

Ans:

Iy

Sol: For Fig.1

In the interval —x

-

J)=--

— e —— —

+

o =

A

f(t) = ﬂ sin it + ﬂ sin 3wt +
T 3

T

V . _
- - [r wie ’Mltllu)”+
J—x

,‘ . l [L,—)‘” :
== — (—jnwt — 1)
2 (—in)”

2V

(=37)°

The harmonic amplitudes

Vv
T ¢

sin Seot 4 - - -

7. Find the exponential Fourier series for the triangular wave shown in Figs. 1
and 2 and sketch the line spectrum.

—f3at

oo

is even and therefore the A, coefficients will be pure real.

(—wt)e™ ™ d{wt) +

[ —dnest

A

(—in)”
For even n, ™ = +1 and A, = 0; for odd n, A, = 2V /7" n’.

et

Al = =N
& 4V imn®

0 r 2 Ar “

Fig.2

<wt <0, f(1)=V+(V/mwt; and for 0 <wt <7, f(1))=V — (V/7)wl.
By inspection the average value is V/2.

1 0 ; X
Ap=r— I r [V + (V/mxwt]le™ diwt) + [ [V — (V [m)eot)e ™" (/(u)I)l
2x | )= Jo

I.A e 7™ d(ewt )]

(—jnwt — 1 )]

Thus the series is
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For Fig.2

In the interval 0 < wf < 7, f(f) = Vsinet; and from 7 to 2z, f(£) = 0. Then

l ' 4
Ap=— [ V sinwte™™ d(wt)
2.'1'.0
Y[ o= : Ve ™™ +1)
=—|——— (—nsmwt —coswl)| = ————
2x [(1 —n) i 271 — )

For even n, A, = V/a(1 —n*); for odd n, A, =0. However, for n =1, the expression for A, becomes
indeterminate. L'Hopital's rule may be applied; in other words, the numerator and denominator are
separately differentiated with respect to n, after which » is allowed to approach 1, with the result that
Ay = —j(V/4).

The average value is

T ) | x V
.40:—[ Vs]n(uld(ml):,,—[—Cuswl] =—
Jo 2x 0 7

Then the exponential Fourier series 1s

. . V —jdent V — 2wt . V —Jait V , V e V 2t V Mot
S == =q5z e =il e i R e T
The harmonic amplitudes.
% 2!'/,-11113—1) n=2,4,6,...)
G=Ay=— a=2AAl=1V/2 (n=1)
’ 0 (n=3,57,..)
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