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Fourier series and Fourier Coefficient 
 
 

Let f(x (  be defined in the interval (-L,L)  and outside of this interval by 
f(x+2L)   =f(x) .i.e.,  f(x) is 2L-periodic. It is through this avenue that a new 
function on an infinite set of real numbers is created from the image on(-L,L). 
The Fourier series or Fourier expansion corresponding to f(x( is given by  
 

 
 

where the Fourier coefficients a0, an and bn are 
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Example: Determine the Fourier coefficient a0, 
 
Integrate both sides of the Fourier series (1), i.e., 
 

 
 

Example 
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Example: let us consider the function 
 
  

 

 

Solution:  
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Thus the Fourier series of f is given as 

 

 

 

Example: Let us consider the function f defined as follows 
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 Dirichlet Conditions  

 

 
 

Example:  

  

Solution:  
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Even and Odd Functions "Half-Range Expansions"  
 
A half range Fourier sine or cosine series is a series in which only sine terms 
or only cosine terms are present, respectively. When a half range series 
corresponding to a given function is desired, the function is generally defined 
in the interval (0,L) which is half of the interval(-L,L)  thus accounting for the 
name half range] and then the function is specified as odd or even, so that it 
is clearly defined in the other half of the interval, namely,(-L,0). In such case, 
we have 
 
 
 
 
 
 
 
 
 
 
 

 
Fourier Sine series:  

An odd function is a function with the property f (− x) = − f (x).  

For example :  

1. f (x) = x
3
. let x = -1, then (-1)

3
 = - (1)

3
  

2. f (x) = sin (x). let x = - /2, then sin (-/2) = - sin (/2).  

 
Note 

1. The integral of an odd function over a symmetric interval is zero. 
2. Since an = 0, all the cosine functions will not appear in the Fourier series of 

an odd function. The Fourier series of an odd function is an infinite series of 

Odd functions 

 
  

Let us calculate the Fourier coefficients of an odd function: 

 a0=an =0 

but bn 0 

 

𝐟(𝐱) =  𝐛𝐧𝐬𝐢𝐧
𝐧𝛑𝐱

𝐋

∞

𝒏=𝟏

𝐝𝐱 

a0=0 

,,  

== 
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Fourier Cosine Series: 

  
An even function is a function with the property f (−x) = f (x). The sine 

coefficients of a Fourier series will be zero for an even function, 

f (x) = x2, let x = -1, then (-1)2 = (1)2  

f (x) = cos (x), let x = -, then cos (-) = cos ().  
The Fourier series of an even function is an infinite series of even functions 
(cosines):  

Let us calculate the Fourier coefficients of an odd function: 

bn 0 

But  

a0=an 0 

𝐚𝟎 =
𝟐

𝐋
 𝒇 𝒙 𝒅𝒙
𝒍

𝟎

 

 

 

 

𝐟 𝐱 =
𝐚𝟎
𝟐

+  𝐚𝐧



𝑛=1

 𝐜𝐨𝐬
𝐧𝛑𝐱

𝐋
𝒅𝒙 

 

Example: Let us consider the function f (x) = 1 on [0, ]. The Fourier cosine 

series has coefficients 
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Example:  Classify each of the following functions according as they are 

even, odd, or neither even nor odd. 

 

 

Sol: From fig.1 below it is seen that f(-x)= -f(x), so that the 

function is odd. 

 

 

 

 

Fig(1) 

 

Sol: From fig.2 below it is seen that is neither even nor odd. 

 Fig(2) 

                                                                                                                                                                                                 

Example: Expand    𝒇 𝒙 = 𝒙,     𝟎 < 𝒙 < 𝟐     , in a half range   

a) Sine series, (b) cosine series. 

(a) Extend the definition of the given function to that of the odd function of 
period 4 shown in Fig. 3, below. This is sometimes called the odd extension of 

f (x) , 
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 Fig. 3 

  

 

 

 

 

 

b- H.W 

 

 

Example (H.W) 

 

f (x) = sin (x), 0< x <  

 

PARSEVAL’S IDENTITY 

If an and bn are the Fourier coefficients corresponding to f(x)  and if f(x)  

satisfies the Dirichlet conditions 
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Complex Fourier series 

The complex exponential of Fourier series is obtained by substitution the exponential 

equivalent of the Cosine and Sine into the original form of Series  

  

 

   

 

 

 1/i=-i   ; i
2
=-1 

 𝑓 𝑥 =
𝑎0

2
+   𝑎𝑛

𝑒
𝑖𝑛𝜋𝑡
𝐿 +𝑒

−𝑖𝑛𝜋𝑡
𝐿

2
+ 𝑏𝑛

𝑒
𝑖𝑛𝜋𝑡
𝐿 − 𝑒

−𝑖𝑛𝜋𝑡
𝐿

2𝑖
 

∞

𝑛=1

 

 

                       If we define  

 𝐶0 =
𝑎0

2
;  𝐶𝑛 =

𝑎𝑛−𝑖𝑏𝑛
2

; 𝐶−𝑛  =
𝑎𝑛+𝑖𝑏𝑛

2
 

 The last series can be written 

 𝑓 𝑥 =   ∞
− 𝑪𝒏𝒆

𝒊𝒏𝝅𝒙

𝑳  

                                 𝐶0 =
𝑎0

2
=

1

2𝐿
 𝑓 𝑥 𝑑𝑥 

𝐶𝑛 =
1

2𝐿
 𝑓 𝑥  𝒆

−𝒊𝒏𝝅𝒙

𝑳  

            𝐶−𝑛 =
1

2𝐿
 𝑓 𝑥  𝒆

𝒊𝒏𝝅𝒙

𝑳  

Example: Find the complex form of Fourier series whose definition in one 

period  

f(t)= 𝑒−𝑡               -1 < t < 1 

Sol: 

2L=2 L=1 

F(x) = 
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𝐶𝑛 =
1

2𝐿
 𝑓 𝑥  𝒆

−𝒊𝒏𝝅𝒙

𝑳  

  

𝐶𝑛 =
1

2
 𝑒−𝑡  𝒆

−𝒊𝒏𝝅𝒕

𝑳  

 = 
1

2
 
𝑒− 1+𝑖𝑛𝜋  𝑡

−  1+𝑖𝑛𝜋  
  

 
𝑒.𝑒 𝑖𝑛𝜋 −𝑒−1 .𝑒−𝑖𝑛𝜋

−2(1+𝑖𝑛𝜋 )
 

 𝑒𝑖𝜋 = cos 𝜋 + i sin 𝜋 = −1 

𝑒𝑖𝑛𝜋=(−1)𝑛  

 𝐶𝑛 =
(−1)𝑛𝑆𝑖𝑛ℎ1

(1+𝑖𝑛𝜋)
×

1−𝑖𝑛𝜋

1−𝑖𝑛𝜋
 

𝐶𝑛 =
1 − 𝑖𝑛𝜋 (−1)𝑛𝑆𝑖𝑛ℎ1 

(1 + 𝑛2𝜋2)
 

 The expansion of f(t) form can be written as:   

 𝑓 𝑡 =   
1−𝑖𝑛𝜋  (−1)𝑛 𝑆𝑖𝑛ℎ1 𝑒 𝑖𝑛𝜋𝑡  

(1+𝑛2𝜋2)
∞
𝑛=−∞  

 

The expansion can be converted into real trigonometric form   

𝐶𝑛 =
𝑎𝑛−𝑖𝑏𝑛

2
; 𝐶−𝑛  =

𝑎𝑛+𝑖𝑏𝑛

2
 

𝑎𝑛 = 𝐶𝑛 + 𝐶−𝑛  

𝑏𝑛 = 𝑖 ( 𝐶𝑛 − 𝐶−𝑛) 

 𝑎𝑛 =
 (−1)𝑛2 𝑆𝑖𝑛ℎ1 

(1+𝑛2𝜋2)
 

 𝑏𝑛 =  𝑖   
1−𝑖𝑛𝜋   −1 𝑛𝑆𝑖𝑛ℎ1 

 1+𝑛2𝜋2 
−

1+𝑖𝑛𝜋   −1 𝑛𝑆𝑖𝑛ℎ1 

 1+𝑛2𝜋2 
 =

2𝑛𝜋   −1 𝑛𝑆𝑖𝑛ℎ1

1+𝑛2𝜋2
  

 𝐶0 =
𝑎0

2
;  𝑎0 = 2𝐶0 = 𝑆𝑖𝑛ℎ1 
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𝑓 𝑡 =  𝑆𝑖𝑛ℎ1 − 2𝑆𝑖𝑛ℎ1  
cos 𝜋𝑡

1 + 𝜋2
−

cos 2𝜋𝑡

1 + 4𝜋2
+ ⋯ 

− 2𝜋𝑆𝑖𝑛ℎ1  
sin 𝜋𝑡

1 + 𝜋2
−

2 sin 2𝜋𝑡

1 + 4𝜋2
 + ⋯ 

 

H.W. 

Q1)  Find the complex form of Fourier series of the following functions:  

1. f(t)= 𝑒𝑡               -1 < t < 1 

2. f(t)=        0
1                       0 <  𝑡 <  1

                          1 <  𝑡 <  2

 
  

 

 

 

Applications of Fourier Series in Circuit Analysis  

Effective Values and Power  

The effective or rms value of the function 

 

 

In general, we may write 

 

   With corresponding effective values of 
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The average power P follows from integration of the instantaneous power, which is 

given by the product of v and i: 

 

 

Since v and i both have period T. The average may therefore be calculated over 

one period of the voltage wave: 

 

 

 Then the average power is 

 

Where  is the angle on the equivalent impedance of the network at 

the angular frequency n! 

  

                           

                             

Example: A series RL circuit in which R =5   and L = 20 mH has an applied 

voltage as in Fig.1:  

 

Find the current and the average power. Compute the equivalent impedance 

of the circuit at each frequency found in the voltage function. Then obtain the 

respective currents. 
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 Fig.1 
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Example: Find the average power supplied to a network if the applied voltage 

and resulting current are 

 Sol: 

The total average power is the sum of the harmonic powers:  

 

 

 

Example: Find the trigonometric Fourier series for the half-wave-rectified sine 
wave shown in Fig. 2 and sketch the line spectrum 
 

 Fhh 

 

 

 

Fig.2 

Sol: 

The wave shows no symmetry, and we therefore expect the series to contain both sine 

and cosine terms. Since the average value is not obtainable by inspection, we evaluate 

a0 for use in the term a0=2. 
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 The spectrum, Fig. 3, shows the strong fundamental term in the series 

and the rapidly decreasing amplitudes of the higher harmonics. 

 

  

Fig.3 
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 Sheet No 1 

 

1.  

 

2. (a) Find the Fourier coefficients corresponding to the function 

 

 (b) Write the corresponding Fourier series. 

(c) How should f(x) be defined at x = -5; x = 0; and x= 5 in order that the Fourier 

series will Converge to f(x) for -5  x  5?  
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3. 

 

(a) The graph of f(x) with period 2  is shown in Fig. 2 

 Fig. 2 
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4.  

 

Ans:  

 

5. For the following graph find the Fourier series 
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6.  Find the trigonometric Fourier series for the square wave shown in Fig. below and 

plot the line spectrum. 

 

 

 

 

 

 

Ans:   

 

 

7. Find the exponential Fourier series for the triangular wave shown in Figs. 1 
and 2 and sketch the line spectrum. 

 

 

Sol: For Fig.1 
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For Fig.2 

 

 

 

  


